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Abstract
In [32], A. Najati and S.-M. Jung obtained the Hyers-Ulam stability of the generalized
quadratic functional equation
f(rx + sy) + rsf(x − y) = rf(x) + sf(y)
with r + s = 1, r ̸= 0, s ̸= 0, provided that f is an even mapping. The purpose of this
paper is to remove this restriction.
Keywords : Hyers-Ulam stability; Quadratic functional equation; Quadratic mapping; Approximate
quadratic mapping; Asymptotic behavior.
1 Introduction
In 1940, S. M. Ulam [50] raised a question concerning the stability of group homomor-
phisms: Let G1 be a group and let G2 be a metric group with the metric d(·,·). Given
ϵ > 0, does there exist a δ > 0 such that if a function h : G1 → G2 satises the inequality
d(h(xy),h(x)h(y)) < δ for all x,y ∈ G1, then there exists a homomorphism a : G1 → G2
with d(h(x),a(x)) < ϵ for all x ∈ G1.
The problem for the case of approximately additive mappings was solved by D. H. Hyers
[13] on Banach spaces. In 1950 T. Aoki [1] provided a generalization of the Hyers’s theorem
for additive mappings and in 1978 Th. M. Rassias [40] generalized the Hyers’ Theorem for
linear mappings by allowing the Cauchy diﬀerence to be unbounded. The result of Rassias’
Theorem has been generalized by P. Gˇ avruta [10] who permitted the Cauchy diﬀerence
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to be bounded by a general control function. Since then by using diﬀerent methods, the
stability problems for several functional equations have been extensively investigated by
several mathematicians (cf. [2], [3], [4], [5], [8], [9], [11], [15], [17],..., [37], [41], [42], [44],...
[47]).
Concerning the stability of functional equations on a restricted domains, F. Skof [48] was
the ﬁrst author to solve the Ulam problem for additive mappings on unbounded domains.
In [14] D. H. Hyers, G. Isac and Th. M. Rassias considered the asymptotical aspect of
Hyers-Ulam stability close the asymptotic derivability.
In [18] S.-M. Jung investigated the Hyers-Ulam stability for quadratic mapping
f(x + y) + f(x − y) = 2f(x) + 2f(y), x,y ∈ E (1.1)
on restricted domains.
In [38] and [39], J. M. Rassias investigated the Hyers-Ulam stability on restricted domains
for the quadratic functional equation (1.1) and Jensen functional equation
f(x + y) + f(x − y) = 2f(x), x,y ∈ E. (1.2)
In [7], [6], [27] and [28] E. Elqorachi et al. considered the Hyers-Ulam stability for more
general mappings on a restricted domains.
The stability problems of several functional equations on a restricted domain have been
extensively investigated by a number of authors, for example (cf. [3], [12], [19], [22], [36]
and [49] )
A mapping f : G → F will be called a solution of the Drygas functional equation if it
satisﬁes
f(x + y) + f(x − y) = 2f(x) + f(y) + f(−y), x,y ∈ G. (1.3)
A stability result for the Drygas functional equation (1.3) was derived by S.-M. Jung and
P. K. Sahoo [24] when G is a linear space, while later on D. L. Yang [51] proved the
stability when G is an abelian group.
In [32], A. Najati and S.-M. Jung showed that the functional equation
f(rx + sy) + rsf(x − y) = rf(x) + sf(y), x,y ∈ E (1.4)
is equivalent to the quadratic functional equation (1.1), if r,s are rational numbers such
that r + s = 1 and by assuming that the function f : E → F is even they proved the
stability problem for equation (1.4) on restricted domains.
The goal of the present paper is to investigated the Hyers-Ulam stability problem for
equation (1.4) on restricted domains by removing the Najati-Jung’s assumption that the
function f must be even.
Furthermore, we apply the results obtained to the asymptotic behavior of the above func-
tional equation (1.4).
Throughout this paper, we denote by E a normed space and by F a Banach space.
2 Stability of generalized quadratic equation (1.4) on re-
stricted domains
In this section, we will remove the hypothesis that the function f is even used in (Theorem
3.2, [32]) and we prove the Hyers-Ulam stability for equation (1.4) on restricted domains.
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Theorem 2.1. Let E be a normed vector space and F be a Banach space and f : E → F be
a function satisfying the generalized quadratic functional equation (1.4). Then f satises
the Drygas functional equation (1.3).
Proof. By using equation (1.4), we get
[fe(rx+sy)+rsfe(x−y)−rfe(x)−sfe(y)]+[fo(rx+sy)+rsfo(x−y)−rfo(x)−sfo(y)] = 0
(2.5)
for all x,y ∈ E. By letting x = −x and y = −y in (2.5), we obtain
[fe(rx+sy)+rsfe(x−y)−rfe(x)−sfe(y)]−[fo(rx+sy)+rsfo(x−y)−rfo(x)−sfo(y)] = 0
(2.6)
for all x,y ∈ E. Adding and subtracting (2.5) to (2.6), we have
fe(rx + sy) + rsfe(x − y) − rfe(x) − sfe(y) = 0 (2.7)
respectively
fo(rx + sy) + rsfo(x − y) − rfo(x) − sfo(y) = 0 (2.8)
for all x,y ∈ E. Then, fe and fo satisﬁes the generalized quadratic functional equation
(1.4).
By using the same argument as in the proof of (Theorem 2.1 and Theorem 2.2, [32]), we
deduce that fo satisfy the Jensen functional equation
fo(x + y) + fo(x − y) = 2fo(x), (2.9)
and fe satisﬁes the quadratic functional equation
fe(x + y) + fe(x − y) = 2fe(x) + 2fe(y) (2.10)
for all x,y ∈ E.
Consequently, since f = fe + fo we get
f(x + y) + f(x − y) = fe(x + y) + fo(x + y) + fe(x − y) + fo(x − y)
= 2fe(x) + 2fe(y) + 2fo(x)
= 2f(x) + f(y) + f(−y).
Then, f satisﬁes the Drygas functional equation (1.3). This completes the proof of Theo-
rem 2.1.
Theorem 2.2. Given a normed vector space E and a Banach space F. Let d > 0 and
δ > 0 be given. Assume that a mapping f : E → F satises the inequality
∥f(x + y) + f(x − y) − 2f(x) − 2f(y)∥ ≤ δ (2.11)
for all x,y ∈ E with ∥y∥ ≥ d. Then, there exists a unique mapping q : E −→ F solution
of equation (1.1) such that
∥f(x) − q(x)∥ ≤
7
2
δ (2.12)
for all x ∈ E.4 Journal of Nonlinear Analysis and Application
Proof. In the proof we use some ideas from Manar et al. [27].
Let x,y ∈ E with ∥y∥ < d. If y = 0, then we have
∥f(x + 0) + f(x − 0) − 2f(x) − 2f(0)∥ = ∥2f(0)∥
∥f(0 + 0) + f(0 − 0) − 2f(0) − 2f(0)∥.
So in view of [18], we obtain
∥f(x + 0) + f(x − 0) − 2f(x) − 2f(0)∥ ≤
7
2
δ. (2.13)
If y ̸= 0, we choose z = 2ny, with n ∈ N. For n large enough, we can easily verify that
∥z∥ = 2n∥y∥ ≥ d, ∥y + 2z∥ = 2n∥
y
2n + 2y∥ ≥ d and ∥y + z∥ = 2n∥
y
2n + y∥ ≥ d.
Therefore, from (2.11), the triangle inequality and the following equation
f(x + y) + f(x − y) − 2f(x) − 2f(y) = −[f(x + y + 2z) + f(x − y − 2z) − 2f(x) − 2f(y + 2z)]
+ 2[f(x + z) + f(x − z) − 2f(x) − 2f(z)]
+ [f(x + y) + f(x − y − 2z) − 2f(x − z) − 2f(y + z)]
+ [f(x + y + 2z) + f(x − y) − 2f(x + z) − 2f(y + z)]
− 2[f(y + 2z) + f(y) − 2f(y + z) − 2f(z)],
we get
∥f(x + y) + f(x − y) − 2f(x) − 2f(y)∥ ≤ 7δ. (2.14)
So in view of inequality (2.11), the inequality (2.14) holds true for all x,y ∈ E. According
to [5], there exists a unique quadratic mapping q : E → F which is a solution of equation
(1.1) and satisﬁes the inequality (2.12). This completes the proof.
Theorem 2.3. Given a normed vector space E and a Banach space F. Let d > 0 and
δ > 0 be given. Assume that a mapping f : E → F satises the inequality
∥f(x + y) + f(x − y) − 2f(x)∥ ≤ δ (2.15)
for all x,y ∈ E with ∥y∥ ≥ d. Then, there exists a unique additive mapping j : E −→ F
such that
∥f(x) − f(0) − j(x)∥ ≤ 3δ (2.16)
for all x ∈ E.
Proof. We use some ideas from Manar et al. [27].
Let x,y ∈ E such that 0 < ∥y∥ ≤ d. We choose a z = 2ny, where n is large enough, so
∥z∥ ≥ d, ∥z + y∥ ≥ d and ∥y − z∥ ≥ d.
From (2.15), the triangle inequality and the following equation
2[f(x + y) + f(x − y) − 2f(x)] = −[f(x + y + z) + f(x + y − z) − 2f(x + y)]
− [f(x − y + z) + f(x − y − z) − 2f(x − y)]
+ [f(x + y + z) + f(x − y − z) − 2f(x)]
+ [f(x + y − z) + f(x − y + z) − 2f(x)],
we have
∥f(x + y) + f(x − y) − 2f(x)∥ ≤ 2δ. (2.17)
Finally, the inequality (2.17) holds true for all x,y ∈ E. According to [16], we get the rest
of the proof.Journal of Nonlinear Analysis and Application 5
Now, we are able to prove the main result of the present paper.
Theorem 2.4. Given a normed vector space E and a Banach space F. Let d > 0 and
δ > 0 be given. Assume that a mapping f : E → F satises the inequality
∥f(rx + sy) + rsf(x − y) − rf(x) − sf(y)∥ ≤ δ (2.18)
for all x,y ∈ E with ∥x∥ + ∥y∥ ≥ d. Then there exists a unique solution g = q + j
of the Drygas functional equation (1.3) with q quadratic and j Jensen such that g(x) =
lim
n!+1
[4 nf(2nx) + 2 nf(2nx)] and
∥f(x) − g(x)∥ ≤ 28(
2 + |r| + |s|
|rs|
)δ (2.19)
for all x ∈ E.
Proof. By using the same computations used in the proof of (Theorem 3.2, [32]), we have:
∥f(0)∥ ≤ (
2 + |r| + |s|
|rs|
)δ and
∥f(2x + y) + 2f(x) + f(y) − 2f(x + y) − f(2x)∥ ≤ (
2 + |r| + |s|
|rs|
)δ (2.20)
for all x,y ∈ E with ∥x∥ + ∥y∥ ≥ M, where M = 4d
(
1
|r|
+ |1 −
1
r
|
)
.
If x,y ∈ E with ∥x∥ + ∥y∥ ≥ 2M, then ∥x∥ + ∥y − x∥ ≥ M.
So from (2.20) we obtain
∥f(x + y) + 2f(x) + f(y − x) − 2f(y) − f(2x)∥ ≤ (
2 + |r| + |s|
|rs|
)δ (2.21)
If we let y = 0 in (2.21), we obtain
∥f(x) + f(−x) + 2f(x) − f(2x) − 2f(0)∥ ≤ (
2 + |r| + |s|
|rs|
)δ. (2.22)
for all x ∈ E with ∥x∥ ≥ 2M.
By using (2.21), (2.22) and ∥f(0)∥ ≤ (
2 + |r| + |s|
|rs|
)δ, we get
∥f(x + y) + f(y − x) +2f(y) − f(x) − f(−x)∥
≤ ∥f(x + y) + 2f(x) + f(y − x) − 2f(y) − f(2x)∥
+∥f(x) + f(−x) + 2f(x) − f(2x) − 2f(0)∥ + ∥2f(0)∥
≤
(
2+jrj+jsj
jrsj
)
δ +
(
2+jrj+jsj
jrsj
)
δ + 2
(
2+jrj+jsj
jrsj
)
δ
= 4(
2+jrj+jsj
jrsj )δ
(2.23)
for all x,y ∈ E with ∥x∥ ≥ 2M.
Changing x by −x and y by −y in (2.19) we have
∥f(−y − x) + f(−y + x) − 2f(−y) − f(x) − f(−x)∥ ≤ 4(
2 + |r| + |s|
|rs|
)δ (2.24)6 Journal of Nonlinear Analysis and Application
for all x ∈ E with ∥x∥ ≥ 2M.
Adding and subtracting the argument of the norm of (2.19) to that of (2.24), then taking
the norm and dividing the expression obtained by 2, we get
∥fe(y + x) + fe(y − x) − 2fe(y) − 2fe(x)∥ ≤ 4(
2 + |r| + |s|
|rs|
)δ (2.25)
respectively,
∥fo(y + x) + fo(y − x) − 2fo(y)∥ ≤ 4(
2 + |r| + |s|
|rs|
)δ (2.26)
for all x,y ∈ E with ∥x∥ ≥ 2M, where fo and fe are the odd and even parts of f.
According to Theorem 2.2 and Theorem 2.3, there exists a unique quadratic mapping
q : E → F and a unique Jensen mapping j : E → F satisfying
∥fe(x) − q(x)∥ ≤ 14(
2 + |r| + |s|
|rs|
)δ (2.27)
respectively,
∥fo(x) − j(x)∥ ≤ 14(
2 + |r| + |s|
|rs|
)δ (2.28)
for all x,y ∈ E. We can conclude that the function g = q + j is the unique solution of
the Drygas functional equation (1.3) such that (2.19) holds. This completes the proof of
Theorem 2.4.
Corollary 2.1. A mapping f : E → F satises (1.4) if and only if the asymptotic
condition
∥f(rx + sy) + rsf(x − y) − rf(x) − sf(y)∥ → 0 as ∥x∥ + ∥y∥ → +∞ (2.29)
holds true.
Proof. Following the corresponding techniques of the proof of Jung [18], then we get from
Theorem 2.4 and asymptotic condition (2.29) that f is a solution of the Drygas functional
equation (1.3). The reverse assertion is trivial.
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